Abstract. We study the Riemann problem for isothermal ow of a gas in a thin pipe with a kink in it. This is modeled by a 2 2 system of conservation laws with Dirac measure sink term concentrated at the location of the bends in the pipe. We show that the Riemann problem for this system of equations always has a unique solution, given an extra condition relating the speeds on both sides of the kink. Furthermore, we study the related problem where the ow is perturbed by an continuous addition of momentum at distinct points. Under certain conditions we show that also this Riemann problem has a unique solution. September 15, 1996 0. Introduction. We consider the ow of an isothermal gas in a (in nitely) long thin pipe of constant cross section. If the walls of the pipe have no e ect on the ow, and the pipe is straight, this can be modeled by the system of conservation laws ( 5], p. 56)
Here, (x; t) denotes the density of the gas, and v(x; t) the velocity. The position along the pipe is described by the coordinate x, and t denotes the time variable. These equations describe the conservation of mass and momentum, respectively.
In this paper we discuss the situation where the pipe is not straight, but has a one or several kinks in it. In between these kinks the pipe is straight. Hence the pipe can be described by a polygonal curve, and we ignore gravity. As in the model without kinks, we let (x; t) denote the density of the gas, and v(x; t) its velocity. We now let x be the arc-length parameter along the pipe, or rather the curve describing the pipe. Away from the kinks, conservation of mass and momentum is given by (0.1). It remains to determine the equations holding at the kinks.
Since the cross section of the pipe is assumed to be constant on each side of a kink, conservation of mass reads as before (0. 2) t + ( v) x = 0: In general, we can not assume that and v are continuous at the location of the kink. Since a kink is always located at the same x, which we for simplicity assume to be at x = 0, discontinuities at kinks must satisfy a Rankine-Hugoniot condition where the speed of the discontinuity is zero. Hence, from (0.2) we obtain 0 = 0 ( l ? r ) = ( v) l ? ( v) r ;
where we have used the notation f l;r = lim x!0 f(x). Therefore the product v is continuous across kinks. 1991 Mathematics Subject Classi cation. 35L65, 45L67, 76N15. Key words and phrases. Riemann problem, isothermal gas dynamics, nonlinear resonance.
Typeset by A M S-T E X
To derive the momentum balance, we again consider a kink located at x = 0, the angle of the kink is given by , see Figure 1 above. Since the velocity of the gas is assumed to be parallel to the pipe (except at the kinks), we have v l = v l (1; 0); v r = v r (cos ; sin ):
Consequently, the change in momentum introduced by the kink is given by r v r ? l v l = v(cos ? 1; sin ): Therefore, the kink will act as a momentum sink, with a magnitude given by (0. 3) j r v r ? l v l j = v p 2(1 ? cos ):
To compensate for the complicated, and probably genuinely two dimensional, behavior at the kink we introduce a multiplicative empirical factor f 2 0; 1]. This factor has dimension length(time) ?1 , and is assumed to depend on the properties of the pipe and the gas. For simplicity, we will assume that the pipe is homogeneous, such that f is not dependent on location. Hence, we then arrive at the following model: where * denotes weak convergence. Hence, for a smooth pipe, conservation of momentum is expressed by
with (x) denoting the curvature of the pipe at x and f(x) is the local empirical bending factor at x. Related to the model (0.4), is the model where one continuously adds momentum to the gas at distinct points x i . A special case of that is the model one obtains by assuming k i 2 ?2; 0] on the right hand side of (0.4). This case is studied mutatis mutandis in Section 3. The model (0.4) also arises as a model for the boundary behavior in an important two dimensional system of conservation laws. Consider the two dimensional version of (0.1)
Here, v and u denote the velocity in the x and y direction respectivly. Let p(x) denote the function p(x) = 0 for x < 0, x tan for x 0, and let denote the set f(x; y) j y > p(x)g: Then consider (0.6) in , together with the boundary condition that the velocity is parallell to @ at @ . This system models the isothermal ow across a ramp in two dimensions. If one imposes the initial condition ( ; u; v)(x; 0) = ( l ; u l ; v l ) for x < 0, ( r ; u r ; v r ) for x 0, the solution along the boundary will be given by the solution of the Riemann problem considered here, (1.10).
As an application, one could envisage using the solution computed in this paper as input at the boundary in a numerical scheme for solving (0.6).
The model (0.5) is an example of a system of conservation laws with source, sometimes referred to as balance equations. The general form of such equations is (0.7)
where w = w(x; t) is in R n , and consequently f is a mapping R n ! R n and g a mapping R R n ! R n . Balance equations of this form are used to model a variety of situations. One system of equations, which is somewhat related to the model presented here, is a quasi-one-dimensional model for gas ow in a variable area duct. This model reads
where and v are as before, and p(v) denotes the pressure and E the total energy of the gas. The cross sectional area of the duct is denoted by a(x). This model (0.8) has been analyzed by Liu in 6, 7, 8, 9] . If the source term g is smooth and bounded, and if the eigenvalues of the Jacobian df are real and distinct, and di erent from zero, existence of a global (in t) solution was obtained in 6] by a generalization of Glimm's method, and uniqueness and stability was proved by Crasta and Piccoli in the 2 2 case, 1]. If, however, the eigenvalues may take the value zero, (0.7) is a so-called resonant hyperbolic system. This is the case for the system (0.8), as well as for the system discussed in this paper. The wave structure for resonant hyperbolic systems may be surprisingly complicated, see Isaacson and Temple 4] as well as the above mentioned works by Liu. If the cross sectional area of the duct in (0.8) is piecewise constant, the source term becomes a point source similar to the source in (0.4). The Riemann problem for (0.8) with a piecewise constant a was analyzed by Marchesin and Paes-Leme in 10].
In addition, we mention that systems of equations exhibiting nonlinear resonance also occur in models of two and three phase ow in porous media, see 2], and 3].
1. The Riemann problem. We consider the following system of equations When solving the Riemann problem we are interested in those states ( ; v) that can be joined to a given state ( 0 ; v 0 ) by a simple wave, i.e., either a shock wave or a rarefaction wave. The shock waves satisfy the Lax entropy condition. Note that both shock speeds and the speed of rarefaction waves can be both positive and negative. We will in our construction of the solution of the Riemann problem need certain points on the shock curves. If ( ; v) is a given state, we denote the point on the shock curve that can be connected with a shock of zero speed by Z( ; v). From expressions (1.7){(1.9) we nd that Z( ; v) = v 2 ; 1 v which for one-shocks is de ned for v 1, while for two-shocks it is de ned for v 2 ?1; 0i. Furthermore, we will need the intersection of C 1 (L) and the line v = ?1, and we denote by b L the unique point in C 1 (L) \ fv = ?1g.
In addition, we let e L denote the unique intersection of C 1 (L) and the line v = v ? c , see (2.4). The Riemann problem for (1.1) is the initial value problem (1.10)
where we have absorbed the empirical factor f in the geometric factor k. We study two distinct but related cases; k positive (where = arccos(1 ? k 2 =2) denotes the angle of the kink), and k negative. In both cases, jkj 2. We seek self similar solutions to (1.10), that is = (x=t) and v = v (x=t). Away from the point x = 0, we have can use the curves C 1 and C 2 to connect states ( ; v). We label such connections C-waves. At the point x = 0, we will in general have a discontinuity. This discontinuity will satisfy the Rankine-Hugoniot conditions ( as an increase in the velocity of the gas coming into the kink, should result in an increase in the outgoing velocity. We will use the same criterion for k negative. The choice (1.15) selects a branch of g and hence of f . The remaining discussion will depend on the properties of this function determined by the sign of k.
2. The case k positive. We will need detailed properties of the function g which satis es The case for fast waves is similar. So when solving the Riemann problem we have three waves at our disposal; C 1 -waves, C 2 -waves and K-waves. The K-waves always have zero speed, and the C-waves can have both positive and negative speed. The solution has to contain a K-wave to bring us from one part of the pipe to the other. This means that a priori the solution may consist of up to ve di erent waves: C 1 C 2 KC 1 C 2 . However, the following lemma limits this to four. . We now construct wave curves C 1 (r 1 ) and C 2 (r 1 ). For r 2 2 R 1 (r 1 ) wave speeds are all positive, and we may continue with a fast wave C 2 (r 2 ) to reach a right state R, viz. R 2 C 2 (r 2 ). If, however, r 2 2 C 1 (r 1 ), the shock speed is only positive down to the point Z (r 1 ), which by Lemma 2.1 equals K(Z(L)). Thus for each r 2 = ( r2 ; v r2 ) with v r2 2 1=v r1 ; v r1 ], we may continue with a fast wave to a right state R 2 C 2 (r 2 ). In this way we ll the region denoted by KC 1 C 2 above the curve C 2 (K(Z(L))). To prove uniqueness, consider a right state R in this region. The Riemann problem with left state K(L) and right state R has a unique solution by standard techniques, and hence the only alternative would be to start from the right with a K-wave to the state K ?1 (R), which, however, is in the region with only waves with positive speed, and hence is impossible. Consider now a point l 1 on S 1 (L) between Z(L) and b L. L connects to l 1 with a slow shock with negative speed. For each such state l 1 we may continue with a K-wave to a state r 1 = K (l 1 ). At the state b L the K-map ceases to be continuous, and the wave structure will be di erent. Fast rarefaction waves from r 2 will all have positive speed and may be used in the construction to reach a right state R 2 R 2 (r 2 ). For fast shock waves emanating from r 1 with positive v r1 , the shock speed remains positive (the Z map is not de ned), and hence R may be any point on S 2 (r 1 ). If, however, r 1 is between v = 0 and v = ?v ? c , the shocks on C 2 (r 1 ) have positive speed down to Z (r 1 ), and only states R above this point can be reached with this wave structure. Let c denote the part of S 1 (L) between v = 0 and v = ?v ? c , and let = K(c), and nally = Z(K(c)). We then nd that the solution reads C 1 KC 2 in the region bounded from above by C 2 (K(Z(L))) and bounded from below by and C 2 (K( b L)), the two latter curves starting from Z(K( b L)). To prove uniqueness we rst de nec as the part of C 1 (L) between Z(L) and b L, and subsequently~ = Z(c). First we have to prove that the curve~ is transversal to C 2 curves starting from~ . This is the content of Lemma A.1 in the Appendix. Furthermore, let R be above . The only alternative to the given solution would be to connect the states K ?1 (R) and R instead of using a fast shock. As K ?1 is monotone in the v variable, K ?1 (R) will be above K ?1 ( ) = Z(c). But then the state K ?1 (R) can only be reached with shocks with positive speed, making it impossible to end with a K-wave.
Consider now a right state R in the region denoted C 1 C 2 K, i.e., below the curves and v = ?v + c . Let l 2 = K ?1 (R). Then v l2 ?1. The curves C ? 2 (l 2 ) and S 1 (L) intersect uniquely at a point l 1 . If l 2 (yes, l 2 ) is below S 1 (L), the states l 1 and l 2 will connect using a rarefaction wave with negative speed as v l2 ?1. If, on the other hand, l 2 is below S 1 (L), we will use a fast shock wave to connect l 1 with l 2 . As R is below and the map K ?1 is monotone in the v variable, also l 2 = K ?1 (R) will be below K ?1 ( ) = Z(c) using Lemma 2.1, and hence the shock will have negative speed as required. In this way we solve the Riemann problem in the region
Finally, the region C 1 C 2 KC 2 is bounded from above by the curve The left state L is connected to at state l 1 using a slow shock wave (with negative speed), followed by a fast rarefaction wave (with nonpositive speed) up to the state l 2 on the line v = ?1. This state is connected with a K wave to the state r. Finally, we use a fast wave to connect to R. If R has v R less than ?v ? c it will be a shock wave.) l 1 can be connected to the state r 1 = K(l 1 ) with a K-wave. The slow rarefaction wave starting from r 1 will have non-negative speed, and hence we may use fast waves from any point r 2 2 R 1 (r 1 ) to reach a right state R 2 C 2 (r 2 ). In this way we ll the region above the curve C 2 (K( e L)) with a solution of the form C 1 KC 1 C 2 . The remaining part of the construction is similar to that of case 1.
The curves separating the various regions are illustrated in Figures 3 (case 1) and 4 (case 2 ). An illustration of solution curves in all cases are given in Figure 5 , the left column for case 1, and the right column for case 2. Hence we have proved the following result. 3. The case k negative. The general structure of the argument is identical to that used in the case with k positive. However, the properties of the function g and f are di erent in the two cases, and a separate discussion is required. To keep the presentation short, we only give the details where they are di erent from those of the previous section. We can now employ both slow and fast waves using C 1 (r 1 ) and C 2 (r 1 ). However, as in case with k positive, we can only use slow shocks down to the point Z(K + ( e L)) which is equal to K ? ( e L). Hence we obtain a solution structure of the form C 1 KC 1 C 2 in the region above C 2 (K ? ( e L)).
The remaining part of the construction equals that of case 1. We have proved the following theorem. 4. Appendix. In this appendix we prove that the curve~ and C 2 curves starting from~ are transversal. We rst observe that for the C 2 curves originating on~ we have that d~ =dṽ =~ , and hence it su ces to show that d~ =dṽ for the curve~ is not equal to~ . In the case k positive we show that indeed d~ =dṽ is negative, while in the case k is negative, the estimates have to be sharper as the curves are infact tangent at the end point. We start with the case when k is positive.
Lemma A.1. Assume that 0 k < 2. Let (~ ;ṽ) be an arbitrary point on~ . Then Proof. We parametrize the curve~ using the parameter v running along the C 1 (L) curve, and hence writẽ =~ ( (v); v) and similarly for the other dependent variables. 
